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Abstract 

We prove that a sequence {(A„,m„)} of the Donaldson-Thomas 
instantons of an SU{2) vector bundle over a compact Kahler threefold 
Y has a converging subsequence outside a closed subset S in Y, whose 
real 2-dimensional Hausdorff measure is finite, provided that the 
norms of det u„ are uniformly bounded. 

1 Introduction 

Let y be a compact Kahler threefold with the Kahler form uj, and E = (E, h) 
a hermitian vector bundle of rank r over Y . We consider the following 
equations for a connection A of E, which preserves the hermitian structure 
of E, and an End(£')-valued (0,3)-form u on Y: 

fY + d\u = 0, (1.1) 
fY + [u,u] = \{E)lEio^, (1.2) 

where \{E) is a constant defined by 

Kci{E) ■ M^) 



X{E) :-- 



We call these equations the Donalds on- Thomas equations, and a solution 
{A, u) to these equations Donaldson- Thomas instanton. 

In |Tal] , we studied local structures of the moduli space of the Donaldson- 
Thomas instantons such as the infinitesimal deformation and the Kuranishi 
map of the moduli space. In this article, we prove a weak compactness the- 
orem of the Donaldson-Thomas instantons. This describes bubbling phe- 
nomena of the Donaldson-Thomas instantons at the initial phase. 
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Bubbling phenomena of Yang- Mills fields were first studied by K. K. 
Uhlenbeck |Ulj . |U2j . H. Nakajima studied those in higher dimensions [N] , 
G. Tian [Tij also intensively studied those by using a geometric measure 
theoretic method developed by F-H. Lin 

In this article, applying the method to the Donaldson-Thomas instan- 
tons, we prove the following: 

Theorem 15.11 . Let {(y4„,u„)} be a sequence of Donalds on- Thomas in- 
stantons of an SU{2) vector bundle over a compact Kdhler threefold Y. 
We assume that Jy \ det Un\'^ dVg are uniformly bounded. Then there exist a 
subsequence {(j4„^ ,u„^)} o/{(A„,m„)}, a closed subset S of Y whose real 
2-dimensional Hausdorff measure is finite, and a sequence of gauge transfor- 
mations {aj}overY\S such that {aj{Anj,Un.)} converges to a Donaldson- 
Thomas instanton over Y \ S. 

In order to prove Theorem I5.H we introduce an energy functional 



and V := u + u. We prove a monotonicity formula (Theorem 13. ip for this 
energy functional L and an estimate (Theorem 14. ip for the energy density 
C{A,u). Theorem 15.11 is a consequence of those monotonicity formula and 
estimate. 

Notations: Throughout this article, we denote positive constants which 
depend only on the Riemannian metric of Y and Ehy C or z with numerical 
subscripts. 
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2 Energy functional 

Let y be a compact Kahler threefolds, E = {E, h) a hermitian vector bundle 
over Y. We denote by A{E) = A{E, h) the set of connections of E which 
preserve the hermitian structure of E = (E, h). Put 




where 



C{A,u) := \Fa\^ + \D\v\^ + \[u,uf 



r!°'3(y,End(S)) := A°'3(y) ®^ ^ 



(y,End(S)) 
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where A^'^(Y) is the space of real (0, 3)-forms over Y and End(£') = End(£', h) 
is the bundle of skew-hermitian endmorphisms of E, and 

C{E) := AiE) X n°'^{Y,End{E)). 

We denote by Q{E) the gauge group, where the action of the gauge group 
is defined in the usual way. 

We consider the following energy functional L on C{E): 

L{A,u) := i I^{\Fa\' + \D*^vf + \[u,u]\'}dV,. (2.1) 

where v := u + u. We denote by C{A, u) the density of L{A, u), namely, 

£iA,u) := \Fa\^ + \D\v\'' + \[u,u]\''. 

A critical point {A, u) of this functional satisfies the following equations: 

D*,Fa = A{*v){*D*,{v)), (2.2) 
DaD*a{u) = A{u)[u,u], (2.3) 

where A(o) := — * a* for a £ Q^{Y,'End{E)). The Donaldson-Thomas 
instantons give its local minima of the functional L. In fact, the following 
holds: 

ll^{\FAf + \D*,vf + \[u,u]\'}dV, 

= J {4|F°'2 + a>|2 + \F^^ Au;^ + [u, u] - XIoj^\^} (2.4) 

3 Monotonicity formula 

In this section, we prove a monotonicity formula for the energy L, namely. 
Theorem 3.1. For any y eY, there exists a positive constant ry such that 
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for any < a < p < ry, the following holds: 
V''' [ {\FAf + mv\' + \[u,u]\')dVg 

{\Fa\' + \D\v\' + \[u,u]\') dVg 



2^ 



Br{y) 



[u, u]\'^dVgdT 



+ 4 



Bp{y)\BAy) 



+ 



D*,v ( I- 
or 



dVg, 



(3.1) 

where a is a constant which depends only on Y . Moreover, the equality in 
dsn) holds for (0,cx)) and a = ifY = (C^c/o)• 



proof. Let {<^t} be a one-parameter family of diffeomorphisms of Y. We 
fix a connection Ao of and denote by D its covariant derivative. For 
{A,u) £ C{E) we define a one-parameter family {{At,ut)} in the following 
way: Let be the parallel transport of E associated to Aq along the path 
^t{y)o<t<t, where y eY. We define At by 



(3.2) 



for any X E TX and s G T{Y,E). And, we put Ut := for u G 

O0'3(y,End(S)). 

be a vector field on y. Then we obtain 



Let X := ^ 



t=o 



t=o 



{\FA?d\vX - AY,{FA{Ve,X,ej),FA{ei,ej))) dVg 
(|D>|2divX-4^(DXVe,X,e,),I)Xe„e,))) dVg 



[u,uYdiYXdVg 

For y E y, we denote by ry a positive number which satisfies the fol- 
lowing: there exist normal coordinates r/ = (r/i, . . . , r/g) in the geodesic ball 
(y) such that 

bij-'J.,! <c(y)(|r?i|2 + ... + |r?6|2), (3.3) 
\d9ij\ < c(y)V|r?i|2 + -.. + |%P (3.4) 
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for some positive constant c(y). Note that the constants ry and c{y) depend 
only on the injective radius at y £Y and the curvature of Y. 

We denote by r(r/) the distance function from y, and by a positive 
function on the unit sphere S^. We define a cut-off vector field X by 

r]\ d 



where ^ is a smooth function with compact support in Bry{y). 

Let {ei, 62, ... , eg} be the orthonormal basis at y with ei = d/dr. Then, 

d 

Br Or 



dr dr 



d 



(3.5) 



Ve^X = ^reicj)— + ^(/^^bijCj (i > 2), 



where 6 = rj/r and — 6., 
From these, we obtain 



ij — "t]\ — zic{y)r'^, where ^ is a positive constant. 



d 



+ 



\u. 



Y 



Fa 



d_ 

dr ' 



dr 



Fa{V^,-) 



+ 4 



Y 
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Let x(^) be a function which is smooth and satisfies = 1 foi' ^ ^ 
[0, 1], x(^) = for r G [1 + e, oo) where e > 0, and x'(^) ^ 0- We choose 
^(r) = ■^r(?') := xi'f/'^) fo'^ small enough. Then we obtain 



(3.6) 
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From this, we obtain 



d_ 



d_ 

dr ' 



y 



-4.-V^/,5,.(d>(A,.).o 



where a is a positive constant with a > :^p{y). 

Integrating this on r and letting e go to zero, we obtain 



[ <t)C{A,u)dVg- a-'^e^P^ [ (f)C{A, 

JBpiy) Jb„(v) 



u)dVg 



> -4 / T-^e"^ 



Br(y) 



^ dr ' 



Ba{y) 

|Fa(V0,-)| ]dVgdr 



Br{y) 



Br(y) 



or 



[u, uW^dVgdr 



\D\v{V(l^,-)\]dVgdT 



+ 4 



I Bf,(y)\B^{y) 

This proves Theorem 13.11 



Fa 



d_ 

dr ' 



+ 



d_ 

dr ' 



4 An Estimate 

In this section, we prove the following estimate. 



Theorem 4.1. Let {A,u) be a Donalds on- Thomas instanton. Then there 
exist constants e > 0, Ci > such that for any y £Y and < p < ry, if 

\ [ £iA,u)dVg<e, 

then ^ 

V^Au)iy)<^(^ [ C{A,u)dVg] . 

P \P JB,{y) J 

proof. First, we prove 
Lemma 4.2. 

aVC> -Z2VC- Z3C (4.1) 
proof. By using the Weitzenbock formula, we obtain 
A|Fa|2 = 2\VaFa\^ + 2{V\Fa, Fa) 

= 2\VaFa\^ - 2{DaD\Fa + R{Y)#Fa + Fa#Fa^ Fa) 
> 2\VaFa? - 2{\Ry\ + \Fa\)\Fa? - 2\Fa\{\D\v\ + \Fa\), 
A|Z)>|2 = 2\VaD*av\'' + 2{VlD\v, D\v) 

= 2\VaD*av\'' - 2{DaD\D\v + R{Y)i^D\v + Fa#D\v,D\v) 
> 2|VaI)>P - 2{\Ry\ + \Fa\)\D\v\'' 

-2\D\\\uM\-Q\D\\''-2\Fa\\D\\\ 

and 

A|[u,u]|2 = 2|VA[^x,u]|2 + 2(ViKn],[u,u]) 

> 2\Va[uM? - 2(|i?y| + \Fa\)\[uM? - 8|Kn]|2, 
where Ry is the Riemannian curvature tensor of Y . From these, we obtain 

A£ > 2|Va-FaP + 2\SJaDav\'^ + 2\SJ a[u, n]p - z^C - z^d . (4.2) 
We also have 

A£ = 2|V\/Zp + 2\/ZaV£ (4.3) 

IVVZP < \V\Fa\? + |V|D>||2 + |V|[n,n]||2. (4.4) 
Thus, from and ([331) 

A\/Z > -Z6\/Z - ztC (4.5) 

□ 
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Next, we put 

/(r) := (/9 — 2r)^ sup VT,{x), 

x&Br(y) 

where r G [0, /3/2] This function is continuous, thus it attains its maximum 
at some rg. 

Lemma 4.3. 

/(ro) < 64. 



proof. Suppose that /(ro) > 64. We write 



sup \fZ{x) = \/Z(xo), 



and take o" = — 2ro)/4. Then, 



sup \/Z < sup \/Z 

B<t(3:^o) 3;'gB,.o+<T(y) 



(p-2ro)2 C4 6) 

{p-2ro-2ay (y) 



From the assumption /(rg) > 64, we have aV^ > 2. We define a metric 
^ := ig, then 

sup < 4. (4.7) 

On the other hand, from ([3]), we obtain 

AgVZg > -ZgVZ^ - Z9>Cg. (4.8) 

Thus, 

^gVCg > -zio^g. (4.9) 
By the mean value theorem, or the Moser iteration argument, we obtain 

1 = yZ^(Xo) < ^11 ( /" CgdVg] . (4.10) 

\JBi(xo,g) I 
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Also, by the monotonicity formula, 



[ CgdVg = {Vlf [ CgdVg 



VI 

f r-riv- (4-11) 



< I pa(P/^) / £-dV- 



Bp {xo,g) 



Thus, 



1 



l<2i2(2^e^''/^^^'e)'- (4.12) 

This is a contradiction, since it is not possible if e is small enough. □ 
From Lemma |4.3( we obtain 

sup p'^VZ < 4/(ro) < zi3 (4.13) 

^&Bp/i{xo) 

We define a metric again by ^' := p~'^g. Then we obtain 

^g'\fZg, > -ZuVZg'. (4.14) 

From this and using the Moser iteration argument again, we obtain Theorem 

El 

□ 



5 A weak convergence 

In this section, we assume that E is an SU{2) vector bundle, and prove a 
weak convergence of a sequence of Donaldson-Thomas instantons : 

Theorem 5.1. Let {(^„,u„)} he a sequence of Donaldson- Thomas instan- 
tons of an SU{2) vector bundle over a compact Kdhler threefold Y. We 
assume that Jy \ det Un\'^dVg are uniformly bounded. Then there exist a sub- 
sequence {{Anj,Unj)} of {{An,Un)}, CL closcd subsct S of Y whosc real 2- 
dimensional Hausdorff measure is finite, and a sequence of gauge transfor- 
mations {aj}overY\S such that {aj{Anj,Un.)} converges to a Donaldson- 
Thomas instanton over Y \ S. 
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proof. First, we consider a set 

Si,r := {y e y Ir-^e"'-' / C{Ai, Ui)dVg > e] 

JBriy) 

for each i and r > 0. Prom the monotonicity formula, 

Si r C Si 



for r < r'. Let us consider S'j2-fc, where G N. Then, by passing 
through subsequences and taking the diagonal process, wc obtain a sub- 
sequence Sj 2-k which converges to a closed subset for each k. We have 
S2-k C S2-e for i<k.We put 

6" := Pi 52-*;. 

Lemma 5.2. 

< 00. 

proo/. Let K he a compact subset of Y, and {B4s{ya)} a covering of S D K 
such that 

2. 525(ya) n 525(y/3) = for a / /3. 

We take k with 2^^ < S. Then, for j sufficiently large, we can find y'^ G 'S'j,2-'= 
such that d{ya,ya) < ^ for each a. Then {B^s{y'^)} is a finite covering of 
SDK, and Bs{y'a) fl Bs{y'fj) = for a 7^ /?. Prom the monotonicity formula, 

S-^e""^' [ C{Aj,Uj)dVg>2^''e''^''' f j(:{Aj,Uj)dVg>e. (5.1) 

Thus, we obtain 

Hence, W^^^^ p 5) is finite. □ 

Next, we take a point y in M\S. By the definition of the set S, we can 
find a number AT G N and r > such that 



^[ CiAj,uj)dV< 
r JbAv) 
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for any j > N. Thus, from Theorem 14.11 there exists a uniform constant 
ziQ > such that 

sup C{Aj,Uj) < ^qe. (5.3) 
Bi(y) 



From this, we can find the Coulomb gauges aj by Uhlenbeck |U2j such that 

d*ajiAj)=0 over Si (y), 
d*^aj^^{Aj^^) = over dBi{y), 

where ip indicates the restriction to the boundary dBi{y). Furthermore, we 
have 

Pj(^j)||L°o{iJi(y)) < Zn\\F^^(^Aj)\\L°°{Bi(y))- (5-5) 
On the other hand, if M is a 2 x 2 trace-free matrix, we have 

Tr(MM* - M*Mf = 2Tr{MM*f - 4| det Mp. (5.6) 

From i(TrMM*)2 < Tr(MM*)2, we obtain 

|M|^ < |[M,M*]|2 + 4|detMp. (5.7) 

From the Schwarz inequahty, we have 



Un\^dVg < zis \Un\'^dVg ) . (5. 



Thus, we obtain 



Zl%\\Un\\\2 <\\[Un,Un\\\\2 + ^ I jdetUnl^. (5.9) 

JY 

Since the equations (II. ip and (II. 2|) are gauge invariant, therefore, each 
{dj{Aj),dj{uj)) satisfies the Donaldson-Thomas equations. Furthermore, 
the equations (jl.ip and (II. 2p with the first equation in ()17p form an elliptic 
system, thus, by the standard elliptic theory, the bounds on derivatives 
of {aj{Aj),dj{uj)) are uniform. Hence, there exists a subsequence which 
converges to a Donaldson-Thomas instanton [A' ,u') on Bi{y) in smooth 
topology. 

Now, we cover y \ 5 by a countable union of ball Br^{ya) with 

[ C{Aj,u,)dVg<e. (5.10) 
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Repeating the same procedure above on each BsraiVa), and by taking a 
subsequence, we obtain a sequence of gauge transformations aj^a such that 
aj^ai^j,Uj) converges to a Donaldson-Thomas instanton {A'^, u'^) on B^^ (Ua)- 
Thus, by using the standard diagonal argument, we obtain a subsequence 
{{Anj , Unj )} and a sequence of gauge transformations aj on Y\S such that 
aj{Anj,Unj) converges to a Donaldson-Thomas instanton on Y\S. 

□ 
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